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Two-scale simulations are often utilized to understand the effect of the microstructure on 
macroscopic properties. However, these simulations are computationally expensive and 
typically infeasible in multi-query contexts such as material design or optimization. For that 
reason, several works attempt to construct surrogate models that either accelerate or replace the 
microscopic simulation, essentially reducing the two-scale problem to a single-scale one. 
 
In our previous work [1], we successfully constructed an accurate surrogate model for a 
composite microstructure with varying stiffnesses, by employing proper orthogonal 
decomposition (POD) combined with Gaussian process regression (GPR). In this work, we 
extend our previous method to also treat geometrical parameters, such as the size and shape of 
the inclusion. The main difficulty for geometrically parameterized problems lies in finding 
transformations that map each snapshot onto a reference domain. With such transformations 
available, the same procedure as before (POD and GPR) can be applied to construct a surrogate 
model. Most existing works find these transformations using either free-form deformations or 
radial basis functions (see, e.g., [2]). However, such methods are rather inflexible and numerous 
control points might be required for complicated geometries. We thus propose a method that 
obtains the transformation map by solving an auxiliary linear partial differential equation (see, 
e.g., [3]). We then derive a surrogate model with the following properties: (i) the microscopic 
physics (balance laws and periodicity) are automatically fulfilled, (ii) the prediction of the 
effective quantities is independent of the auxiliary problem, (iii) the stress field for all 
geometries can be recovered, (iv) the method is non-intrusive, and (v) sensitivities are available. 
 
The method is tested on composite microstructures, considering rotations and shape variations 
of the inclusions. The learned effective model is then embedded in a two-scale example, where, 
compared with the full simulation, a high accuracy for both local and global quantities as well 
as a high speed up are obtained. 
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