
The 8th European Congress on Computational Methods in Applied Sciences and Engineering
ECCOMAS Congress 2022

5-9 June 2022, Oslo, Norway

D2Q9 model of upwind lattice Boltzmann scheme for hyperbolic
scalar conservation laws

Megala A*1, S.V. Raghurama Rao2

1 PMRF PhD scholar, Department of Aerospace Engineering, Indian Institute of
Science, Bangalore, India, e-mail: megalaa@iisc.ac.in

2 Associate Professor, Department of Aerospace Engineering, Indian Institute of Science,
Bangalore, India, e-mail: raghu@iisc.ac.in and URL:

http://aero.iisc.ac.in/people/s-v-raghurama-rao/

Keywords: Upwind lattice Boltzmann method, hyperbolic problems, scalar conservation
laws.

Lattice Boltzmann Method (LBM) is a popular kinetic theory based mesoscopic incom-
pressible Navier-Stokes solver. Its popularity is due to the algorithmic simplicity involving
streaming and collision operators. Development of LBM for compressible flow problems,
with dominant hyperbolic convection terms, is non-trivial and is an active area of research.
A novel LBM which is equivalent to an upwind method at macroscopic level is introduced
in [1] for hyperbolic scalar conservation laws. While the equivalence of that Lattice
Boltzmann (LB) algorithm with macroscopic Computational Fluid Dynamics (CFD) al-
gorithms is an advantage, it is based on a simple D2Q5-plus model. In this work, the
upwind LBM in [1] is extended to D2Q9 model. A novel modification of the flux decom-
position method of [2] is introduced for defining the equilibrium distribution functions
to facilitate the use of D2Q9 model. A specific form of rest particle component ensures
the correctness of moment relations. An appropriate selection of split fluxes within this
format results in upwinding even along diagonal directions. The D2Q9 model results in a
multi-faceted LBM, as the scheme varies based on the way the total flux gets decomposed
between coordinate and diagonal-to-coordinate (45◦ from coordinate) directions, thereby
becoming the superset of D2Q5-plus and D2Q5-cross models. A test problem from [3],
involving multi-directional discontinuities, has been solved using the D2Q9 model of up-
wind LBM. It is observed that the scheme captures the 45◦ discontinuity exactly for a
specific partition of total flux between coordinate and diagonal-to-coordinate directions.
The LB algorithm is tested further on standard problems for scalar conservation laws.

REFERENCES

[1] Megala A and S. V. Raghurama Rao, An upwind lattice Boltzmann scheme. Preprint,
https://arxiv.org/abs/2111.07106v2 [math.NA].

[2] Aregba-Driollet and R. Natalini, Discrete Kinetic Schemes for Multidimensional Sys-
tems of Conservation Laws. SIAM J. Numer. Anal., Vol. 35, pp. 1973-2004, 2000.

[3] Stefan Spekreijse, Multigrid solution of monotone second-order discretizations of hy-
perbolic conservation laws. Math. Comp., Vol. 49, pp. 135–155, 1987.


